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Abstract 
We prove in this paper that a graph G is isomorphic to a non-Cayley cubic (m,n)-meta- 
circulant graph if and only if G is isomorphic to a union of finitely many disjoint copies of 
a generalized Petersen graph GP(d,k), where d > 2 and k2 = - I (modd). 
1. Introduction 
There are only four known nontrivial connected vertex-transitive graphs that are 
nonhamiltonian. These graphs are the Petersen graph, the Coxeter graph and the two 
graphs obtained from these by replacing each vertex by a triangle. Babai [4] has 
raised the problem of constructing an infinite family of such graphs. None of these 
four graphs is a Cayley graph, so that it might be conjectured that every connected 
Cayley graph on a finite group has a Hamilton cycle. This has been shown true at least 
for abelian groups [S] and some other special groups [S, 143. Because of this, it is also 
reasonable to believe that further examples of nontrivial connected vertex-transitive 
nonhamiltonian graphs, if they exist, are among vertex-transitive non-Cayley graphs. 
The class of (m, n)-metacirculant graphs was introduced by Alspach and Parsons in 
[2] as an interesting class of vertex-transitive graphs which included the Petersen 
graph and infinitely many non-Cayley ones, and which might contain further exam- 
ples of nontrivial connected vertex-transitive nonhamiltonian graphs. Among these 
graphs, cubic (m, n)-metacirculant graphs are especially attractive, being at the same 
time the simplest nontrivial (m,n)-metacirculant graphs and those most likely to be 
nonhamiltonian because of their small number of edges. 
Although there is a characterization of non-Cayley graphs as those whose auto- 
morphism groups do not contain regular subgroups, it is still not easy to determine 
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if a given vertex-transitive graph is non-Cayley. For (p, q)-metacirculant graphs with 
p and q primes a sufficient condition for these graphs to be non-Cayley has been given 
in [2]. In this paper, we will completely determine which graphs are isomorphic to 
non-Cayley cubic (m, n)-metacirculants. Namely, we will prove the following result. 
Main theorem. A graph G is isomorphic to a non-Cayley cubic (m,n)-metacirculant 
graph if and only if G is isomorphic to a union of finitely many disjoint copies of 
a generalized Petersen graph GP(d, k), where d > 2 and k2 z - 1 (mod d). 
From this Main Theorem and the classification of hamiltonian generalized 
Petersen graphs [l] we have immediately the following result. 
Corollary. Every connected non-Cayley cubic (m, n)-metacirculant graph, other than the 
Petersen graph, has a Hamilton cycle. 
We recall that there is a conjecture that every connected Cayley graph has 
a Hamilton cycle. On the other hand, connected cubic (m, n)-metacirculant graphs, 
other than the Petersen graph, have been proved to be hamiltonian for m odd [9], 
m = 2 [3, 91, m divisible by 4 [ll], and some other values of m and n [lo]. So the 
results obtained in this paper lend further support to the conjecture that the Petersen 
graph is the only connected cubic (m,n)-metacirculant graph without a Hamilton 
cycle. 
2. Notations and definitions 
We adopt the standard group-theoretic and graph-theoretic terminology. The 
reader is referred to [7, 131 for the concepts not defined here. 
We consider only finite undirected graphs without loops or multiple edges. If G is 
a graph, then V(G), E(G) and Aut(G) denote its vertex-set, its edge-set and its 
automorphism group, respectively. A graph G is called vertex-transitive if the action of 
Aut(G) on V(G) is transitive. If n is a positive integer, then we write Z, for the ring of 
integers modulo n and Z,* for the multiplicative group of units in Z,. 
For a group A and a subset C c A such that lA$C and C-r = C, the Cayley graph 
on A relative to C, Cay(A, C), is defined as follows. The vertex-set of Cay(A, C) is A, 
and two vertices a, b E A are adjacent in Cay(A, C) if and only if abb ’ E C. It is easy to 
see that Cay(A, C) admits a copy of A acting regularly (by right multiplication) as 
a group of automorphisms, and so every Cayley graph is vertex-transitive. Conversely, 
every vertex-transitive graph which admits a regular group of automorphisms is 
(isomorphic to) a Cayley graph on that group. However, there are vertex-transitive 
graphs which are not Cayley graphs, the smallest example being the well-known 
Petersen graph. Such a graph is called a non-Cayley vertex-transitive graph. 
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Cayley graphs on cyclic groups are usually called circulants. They are also usually 
defined in the following additive form. Let n be a positive integer and S be a subset of 
Z, satisfying O$S = - S (mod n). Then we define the circulant graph G = C(n, S) to be 
the graph with vertex-set V(G) = {Z;i: i E Z,} and edge-set E(G) = {ViUj: i, j E Z, and 
(j - i)eS}, h w ere subscripts are always reduced modulo n. 
Let m and n be two positive integers, x E Z,*, p = L m/2 J and So, Si, . . . , S, be subsets 
of Z, satisfying the following conditions: 
(1) O$S, = -So, 
(2) rmS, = S, for 0 < Y < p, 
(3) If m is even, then r@S, = - S,. 
Then we define the (m, n)-metacirculant graph G = MC(m, n, r, So, Si, . , S,) to be 
the graph with vertex-set 
V(G) = {US:: i E Z,, j E Z,) 
and edge-set 
E(G) = {uju:+‘: 0 6 r d p; i E Z,; h, j E 2,; (h -j) E E’S,), 
where superscripts and subscripts are always reduced modulo m and modulo n, 
respectively. It is easy to verify that the permutations g and f on V(G) with 
g(vf) = t’f+ 1 and f(u:) = uh; 1 are automorphisms of G and that (g, f) is a transitive 
subgroup of Aut(G). Thus, (m, n)-metacirculant graphs are vertex-transitive. This class 
includes infinitely many non-Cayley graphs [2]. In particular, the Petersen graph is 
a (2,5)-metacirculant. So it is natural to ask which (m, n)-metacirculant graphs are 
non-Cayley. Some discussion about this has appeared in [2]. 
Let d and k be integers such that d > 2,1 < k d d - 1 and if d is even, then k # d/2. 
Then the generalized Petersen graph F = GP(d, k) is defined to be the graph with 
vertex-set V(F) = ( i, i u u : i E Z,> and edge-set E(F) = {UiUi+l, UiUi, UiUi+k: i E Z,>. 
where subscripts are always reduced modulo d. 
3. Preliminary results 
Let G be a Cayley graph Cay(A, C) or an (m,n)-metacirculant graph 
MC(m, n, CL, So, S1, . . . ,S,). Denote the degree of a vertex t’ of G by deg(u). By defini- 
tions, it is not difficult to see that 
deg(4 = I Cl 
if G = Cay(A, C), 
deg(u) = ISol + 21Si I + ... + 21S,l 
ifG=MC(m,n,u,S,,S, ,..., S,)withmodd,and 
deg(a) = l&l + 21Si I + ... + 2lS,_, I + (S,( 
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if G = MC(m,n,a,S,,,Si ,..., S,) with m even. We will use these formulas without 
mention. 
Let F = GP(d, k) be a generalized Petersen graph. Denote by El the set of all 
spoke-edges nioi (i E Z,) and by B(d,k) the subgroup of Aut(F) fixing El setwise. 
Define mappings a, b and c from V(F) to V(F) by 
a(ui) = k+ 13 a(s) = vi+ 1 3 
b(ui) = u-i, b(oi) = o-i, 
c(uj) = ukiy c(ui) = uki, 
where i E Zd 
Lemma 1. B(d,k) has a regular subgroup ifund only if k2 E 1 (modd). 
Proof. If kZ G 1 (modd), then B(d, k) = (a, b,c) with the defining relations 
ud=b2=c2=1 bub=u-’ cb = bc and cut = uk [6, Theorem 11. The subgroup 
(a,~) is transiti;e on V(F) and has order 2d. So it is a regular subgroup of B(d, k). 
If k2 + f 1 (mod d ), then B(d, k) = (a, b) with the defining relations u* = b2 = 1 
and bub = a- ’ [6, Theorem 11. Since (a, b) is intransitive on V(F), B(d, k) has no 
regular subgroups. 
If k2 = - 1 (mod d), then B(d, k) = (a, c) with the defining relations u* = c4 = 1 
and cut- 1 = uk [6, Theorem 11. In this case, b = c2. We show now that B(d, k) also has 
no regular subgroups. 
Since B(d, k) = (a, c), it is imprimitive with respect to the block system {U, V}, 
where u = (Ui: i E Zd} and T/ = {Ui: i E Zd>. SUppOSe that R iS a regdar subgroup of 
B(d, k). Then for every i E Zd there exists just one ri E R such that ri(Ug) = Ui. There- 
fore, ri is in the setwise stabilizer S of the block U in B(d,k) and the subgroup 
R’ = (ri: i E zd) has order d. It is clear that S = {ai, ba’: i E Z,}. So S has order 2d and 
R’ has index 2 in S. There are two cases to consider. 
(I) d is odd. Then (a) is the unique subgroup of index 2 in S. Therefore, R’ = (a). 
Since every element of B(d, k) can be represented in the form c’aj and (a) < R, there 
exists in R\(u) some ci interchanging U and V. It is clear that i must be equal to 1 
or 3. Therefore, (ci)’ = (c2)’ = b’ = b E R, contradicting the regularity of R because 
b # 1 and uO is fixed by b. 
(II) d is even. In this case, the group S has just three subgroups of index 2, namely, 
(a), K, = {bu’: i is even} u {aj: j is even> and K2 = {bu’: i is odd} u (aj: j is even}. If 
R’ = (a), then we can get a contradiction as in (I). Therefore, we may assume that 
R’ # (a). The group Kl is intransitive on U, whilst R’ is transitive on it. So R’ # Kl. 
Assume now that R’ = K2. Let r be an element of R interchanging U and I/. Then 
r must have the form cuj or c3aj. 
If r = cuj, then r2 = cujcaj = c(ujc)uj = c(caPkj)uj = buj(’ -k). Since d is even and 
k2 = - 1 (mod d), k must be odd. Therefore, (1 - k) modulo d is even. So r2 is not an 
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element of KZ. On the other hand, since R’ = Kz is a normal subgroup of index 2 of R, 
we must have r2 E R’ = K,, a contradiction. 
If r = c3aj, then r2 = c3&c3aj = c”(ajc-rh$ = c3(c-rakj)aj = baj(l +k). As before, 
r2 is not an element of K2 and we can again get a contradiction. 17 
Lemma 2. GP(5,2) and GP(lO, 3) are non-Cayley vertex-transitive graphs. 
Proof. By [6] these graphs are vertex-transitive. We prove now that they are 
non-Cayley. 
It is well known that GP(5,2) (the Petersen graph) is a non-Cayley graph. There- 
fore, we omit the proof of this fact here. 
Let F be GP(lO, 3). By [6], Aut(F) g Sym(5) x Sym(2), where Sym(2) and Sym(5) 
are the symmetric groups of degree 2 and degree 5, respectively. Therefore, every 
Sylow 5-subgroup P of Aut(F) is of order 5 and the centralizer C,,,&P) of P in 
Aut(F) is P x Sym(2). 
Suppose that F is a Cayley graph and let R be a regular subgroup of Aut(F). Then 
IRJ = 20 = 5. 22. Let P be a Sylow 5-subgroup of R. Since the number of Sylow 
5-subgroups of R is congruent to 1 modulo 5 and is a divisor of 20 (by Sylow’s 
theorems), it follows that Pzz R. Moreover, since (PI = 5, P is cyclic and therefore 
P = (p) with ps = 1. 
Let Vi, i = 1,2,3,4, be the orbits of P and Fi, i = 1,2,3,4, be the subgraphs induced 
by F on Vi, respectively. Then each Fi is a circulant because P is cyclic. Since P is an 
intransitive normal subgroup of R as we have shown in the preceding paragraph, 
{I/,, V,, V3, 1/4} is a complete block system for R. So the subcirculants Fi, i = 1,2,3,4, 
are isomorphic to each other because R induces a transitive action on the block 
system {1/r, V,, V3, V4}. Since I Vi1 = 5, Fi cannot be of degree 1 or degree 3. Since F is 
connected, all the subcirculants Fi, i = 1,2,3,4, are isomorphic to each other and Vi, 
i = 1,2,3,4, are orbits of P, it is not difficult to see that Fi cannot be of degree 2. Thus, 
Fi are totally disconnected. Let Q be a Sylow 2-subgroup of R. Then I Q I = 4. There are 
two cases to consider. 
(A) C,(P) = 1. Consider the homomorphism cp: Q -+ Aut(P): q H t,, where 
UP) = 4P4 - r. Then cp is a monomorphism of Q into Aut(P) (because C,(P) = 1). But 
) Q I = 4 and Aut(P) is a cyclic group of order 4. So Q is also a cyclic group of order 4. 
Furthermore, R is the semidirect product of P by Q. By [2, Theorem 23, F is 
isomorphic to a (4,5)-metacirculant MC(4,5, LX, Se, Sr, S,). We have shown earlier that 
the subcirculants Fi, i = 1,2,3,4, are totally disconnected. Hence, S, = 0. Since F is 
cubic and connected, lSr/ = lSzl = 1. Let Sr = (s}. For u = 2,3,4 E Zt, we have 
(s + zs + a2s + a3s) = O(mod 5). Hence, u”u1u2 3 0 s s+as%+as+%VO ’ is a cycle of length 4. 
This contradicts the fact that F has girth greater than 4. 
Thus, a = 1. Therefore, F is a circulant and Aut(F) contains an element of order 20. 
This contradicts the fact that Aut(F) r Sym(5) x Sym(2) which has no elements of 
order 20. 
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(B) C,(P) # 1. Then C,(P) g (P x Sym(2))nQ g Sym(2). So C,(P) = ( f) with 
f 2 = 1. Applying Sylow’s theorems to the Sylow 5-subgroups of Am(F), it is not 
difficult to see that there exists an element g E Aut(F) such that g( fp)g-’ = (a). 
Thus, gRg - ’ is a regular subgroup of B(10,3), contradicting Lemma 1. 0 
4. Proof of the Main Theorem 
First we prove the sufficiency. Let a graph G be isomorphic to the union of t dis- 
joint copies of a generalized Petersen graph F = GP(d, k), where d > 2 and 
k2 s - 1 (modd). If Aut(F) = B(d, k), then F is non-Cayley by Lemma 1. If 
Aut(F) # B(d,k), then by [6, Theorem 21 F is isomorphic to either GP(5,2) or 
GP( 10, 3). So by Lemma 2, F is non-Cayley, too. Thus, in all cases, F is a non-Cayley 
graph. Therefore, G is also a non-Cayley graph. On the other hand, by [12, Theorem 
23, G is isomorphic to a cubic (m,n)-metacirculant graph for some positive integers 
m and n. This completes the proof of the sufficiency. 
Now we prove the necessity. Let a graph G be isomorphic to a non-Cayley cubic 
(m,n)-metacirculant graph M = MC(m, n,a,S,,Sr, . . . ,S,). Since M is a cubic (m,n)- 
metacirculant graph, only the following possibilities may happen: 
1. m is even, Se = Sr = ... = S,_, = 8 and IS,1 = 3; 
2.m is even, So=@, IS,l=l for some rE{1,2 ,..., p-l}, Sj=@ for all 
r#je{1,2,..., ,U - l> and IS,/ = 1; 
3. so # 0. 
We consider these possibilities in turn. 
1. m is even, SO = S1 = ... = S, _ r = 0 and 1 S, 1 = 3. Let H be the subgraph induced 
by M on V(H) = {v~,v~: j E Z,}. Then H is isomorphic to the cubic (2, n)-meta- 
circulant graph MC(2, n, a,$,, Sr), where E = - 1, & = 8 and S, = S,. By [2, 
Theorem 91, H is a Cayley graph. Since M is isomorphic to the union of p disjoint 
copies of H, it follows that M is also a Cayley graph. This contradicts our assumption 
that M is a non-Cayley graph. Thus, this possibility cannot occur. 
2. m is even, SO = 0, IS,I = 1 f or some rE{1,2 ,..., /.-1}, Sj=0 for Ull 
r#jE{1,2,..., p - l} and IS,] = 1. Let S, = {s} with 0 <s <n, S, = {k} with 
0 < k < n, e = gcd(s, k, n), ii = nJe, S = s/e, k = k/e and a be the element of 
Z, satisfying Cc = c( (mod fi). Further, let S,, $, , . . . , s,, be the subsets of Zi, such that 
So= ... =S,_,=S,S,={S},S,.+,= ... =S,_i=0andS,={q.Sincea~Z,*,we 
have Cc E Z,*. We show now that m, ii, tf, SO, fl, . . , ,f?, satisfy Conditions (l)-(3) in the 
definition of (m, fi)-metacirculant graphs. Condition (1) is trivially satisfied. We have 
am? = (a + tlfi)ms = Ems/e + t2fi = (s + t3n)/e + t2fi 
= S + (t2 + t3)fi = S(mod fi), 
where ti, t2 and t3 are appropriate integers. Similarly, we can prove that 
ki@k = - E(mod E), and, therefore, ki”k = k(mod ti). Thus, Conditions (2) and (3) are 
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also satisfied. This allows us to construct the cubic (m,?i)-metacirculant 
H=MC(m,n,c%,~& ,..., $J. 
For the graph H, by definition, we have: 
(i) &*5 E s(mod 6) 
~(a” + l)(Cr” - 1)s = O(modn); 
(ii) xpc = - k(mod fi) 
(4.1) 
o(o7” + l)F= O(modii). 
Since e = gcd(s, k, n), it is also clear that 
(4.2) 
gcd(s; li; fi) = 1. (4.3) 
Let Z = n/gcd(Ex’ + 1, n). By (4.1) and (4.2) Z is a divisor of both 1 and (CI” - 1)s. 
Since (4.3) holds, we see that Z must be a divisor of (Ex” - 1). Thus, we have 
g2rr - 1 = (E” + l)(ap - 1) = O(modE). This means that the order of X in Z,* is 
a divisor of m. By [2, Theorem 91, H is a Cayley graph. 
Consider the subgraph induced by G on 
(c’j,: i E z,, j E Z,} 
It is not difficult to see that this subgraph is isomorphic to H. This means that M is 
isomorphic to a union of finitely many disjoint copies of H. But we have proved in the 
preceding paragraph that H is a Cayley graph. Therefore, M is also a Cayley graph, 
contradicting our assumption. Thus, this possibility also cannot occur. 
3. So # 8. By [9], M is isomorphic to either a union of finitely many disjoint copies 
of a circulant graph C(21, S), where 1 > 1 and S = { 1, - 1, I} or a union of finitely 
many disjoint copies of a generalized Petersen graph GP(d, k), where d > 2 and 
k2 = + 1 (mod d). By definition, C(21, S) is a Cayley graph. By Lemma 1, GP(d, k) with 
k2 = 1 (modd) is a Cayley graph, too. Therefore, a union of finitely many disjoint 
copies of C(21, S), where 1 > 1 and S = { 1, - 1,1}, and a union of finitely many disjoint 
copies of GP(d, k), where d > 2 and k2 = 1 (mod d), are also Cayley graphs. It follows 
that M must be isomorphic to a union of finitely many disjoint copies of GP(d, k), 
where d > 2 and k2 = - 1 (modd). This completes the proof of the necessity. 0 
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